On the Northcott property and other properties related to polynomial mappings by CHECCOLI, SARA & WIDMER, MARTIN
Mathematical Proceedings of the
Cambridge Philosophical Society
VOL. 155 JULY 2013 PART 1
Math. Proc. Camb. Phil. Soc. (2013), 155, 1–12 c© Cambridge Philosophical Society 2013
doi:10.1017/S0305004113000042
First published online 27 February 2013
1
On the Northcott property and other properties
related to polynomial mappings
BY SARA CHECCOLI
Institute of Mathematics, University of Basel, Rheinsprung 21, CH-4051 Basel,
Switzerland.
e-mail: sara.checcoli@unibas.ch
AND MARTIN WIDMER
Department for Analysis and Computational Number Theory, Graz University of
Technology, Steyrergasse 30/I I, 8010 Graz, Austria.
e-mail: widmer@math.tugraz.at
(Received 23 November 2011; revised 10 January 2012)
Abstract
We prove that if K/Q is a Galois extension of finite exponent and K (d) is the compositum
of all extensions of K of degree at most d, then K (d) has the Bogomolov property and the
maximal abelian subextension of K (d)/Q has the Northcott property.
Moreover, we prove that given any sequence of finite solvable groups {Gm}m there exists
a sequence of Galois extensions {Km}m with Gal(Km/Q) = Gm such that the compositum
of the fields Km has the Northcott property. In particular we provide examples of fields with
the Northcott property with uniformly bounded local degrees but not contained in Q(d).
We also discuss some problems related to properties introduced by Liardet and
Narkiewicz to study polynomial mappings. Using results on the Northcott property and
a result by Dvornicich and Zannier we easily deduce answers to some open problems
proposed by Narkiewicz.
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2 SARA CHECCOLI AND MARTIN WIDMER
1. Introduction
A subset A of the algebraic numbers Q is said to have the Northcott property or property
(N) if the set
A(T ) := {x ∈ A|h(x) < T }
is finite for every positive real number T where h denotes the absolute logarithmic Weil
height on Q as defined in [1] or [12].
For a subfield K of Q and a positive integer d we write K (d) for the composite field of all
extensions of K in Q of degree at most d over K . Moreover, we write KAb for the maximal
abelian subextension of K/Q.
By a well-known theorem of Northcott (see [19, theorem 1]) any set A ⊆ Q of elements of
uniformly bounded degree over Q (i.e., there exists a constant D such that [Q(a) : Q]  D
for all a ∈ A) has property (N). In particular any number field has property (N). Property
(N) for certain infinite extensions of Q has first been studied by Bombieri and Zannier in
[2]. In particular they proposed the following question:
Question 1 (Bombieri–Zannier). Does the field Q(d) have property (N)?
For d > 2 this is an open problem while for d = 2 the answer is yes. More generally Bom-
bieri and Zannier showed that the maximal abelian subextension of K (d)/K has property (N)
for arbitrary number fields K . In particular, for K = Q, we have the following theorem.
THEOREM 1 (Bombieri–Zannier [2]). Property (N) holds for Q(d)Ab, for any d.
Property (N) for infinite extensions of Q has also been studied by the second author in
[20] where he proved a simple but fairly robust criterion for a field to have property (N). We
will use this criterion in Section 3.
Recall that an algebraic extension K/Q is said to have uniformly bounded local degrees
if there exists a positive integer b such that, for every prime number p and every valuation v
of K above p, the completion Kv is an extension of Qp of degree at most b.
A fact that is crucial in Bombieri and Zannier’s proof of Theorem 1 is the uniform
boundedness of the local degrees of Q(d)Ab. This is a consequence of the uniform bounded-
ness of the local degrees of Q(d) (see [2, proposition 1]). We shall prove that this property
remains valid for K (d) whenever K is a Galois extension ofQ with uniformly bounded local
degrees. Therefore it seems natural to address the following question:
Question 2. If K/Q is a Galois extension with uniformly bounded local degrees, does
K (d)Ab have property (N)?
At this point the reader should be warned: our definition of K (d)Ab coincides with Bombieri
and Zannier’s K (d)ab from [2] if K = Q, but not in general.
In the recent paper [5] the first author gave the following characterization of Galois ex-
tensions of uniformly bounded local degrees.
THEOREM 2 (Checcoli [5]). An algebraic Galois extension of the rationals has uniformly
bounded local degrees if and only if its Galois group has finite exponent.
Here we prove the following theorem which, due to Theorem 2, gives in particular an
affirmative answer to Question 2.
THEOREM 3. Let K be an algebraic extension of Q. If K/Q is Galois then K (d)/Q is
also Galois.
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If moreover Gal(K/Q) has finite exponent b, then Gal(K (d)/Q) has exponent at most d!b
and K (d)Ab has property (N).
Next let us consider the following “stronger version” of Question 1.
Question 3. Suppose K is a subfield of Q with property (N). Does this imply that K (d) has
property (N) for any positive integer d?
For a subfield K of Q and positive integers d and n put K (d)1 = K (d) and K (d)n+1 =
(K (d)n )(d). A positive answer to Question 3 would of course establish property (N) for Q(d)n .
Unfortunately we don’t even know if Q(2)2 = (Q(2))(2) has property (N). However, from
Theorem 3 we easily deduce the following corollary. Recall that (Q(d)n )Ab is the maximal
abelian subextension of Q(d)n/Q.
COROLLARY 1. The field (Q(d)n )Ab has property (N) for any positive integers d and n.
A weaker property than property (N), and also being discussed in [2], is the Bogomolov
property. We recall that a set of algebraic numbers A is said to have the Bogomolov property
if there exists a positive real number T0 such that the subset of non-zero elements of A of
height smaller than T0 consists of all roots of unity in A. Here is another consequence of
Theorem 3.
COROLLARY 2. Suppose K/Q is an algebraic Galois extension of finite exponent. Then
K (d)n has the Bogomolov property for any positive integers d and n.
Special cases of this result have already appeared, at least implicitly, in the literature. For
K a number field and n = 1, Corollary 2 follows immediately from a result of Bombieri
and Zannier ([2, theorem 2]), and if d = 1 then it follows immediately from Theorem 2
combined with Bombieri and Zannier’s result.
Let us get back to property (N). Although the uniform boundedness of the local degrees of
Q(d) was crucial in the proof of Theorem 1 it is not a necessary condition for property (N), as
was shown by the second author (see, e.g., [20, corollary 2]). On the other hand it is an open
question whether every field in Q with uniformly bounded local degrees has property (N).
Recently Zannier and the first author ([4, theorem 1·1]) proved the existence of subfields
of Q with uniformly bounded local degrees that are not contained in Q(d) for any d. Thus
an affirmative answer to the aforementioned question would go beyond a positive answer to
Question 1. Now here is very modest question in this direction.
Question 4. Are there extensions of Q with property (N) and with uniformly bounded
local degrees but which are not contained in Q(d) for any positive integer d?
Another important ingredient in the proof of Theorem 1 is that the finite subextensions of
Q(d)Ab/Q can be generated by elements of uniformly bounded degree which is not true for
Q(d), provided d is large enough, as shown recently by the first author ([5, theorem 2]). Again
this is not a necessary condition for property (N) (again see [20, corollary 2]). However, these
examples are not contained in Q(d) for any d. So we propose a second modest question.
Question 5. Are there subfields of Q(d) with property (N) whose subfields of finite degree
(over Q) cannot be generated by elements of uniformly bounded degree, for some positive
integer d?
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4 SARA CHECCOLI AND MARTIN WIDMER
Positive answers to the last two questions follow from the group-theoretical constructions
made in [4] and the following theorem which might have some independent interest. For
subfields K1, . . . , Km of Q we write K1 · · · Km for the compositum of K1, . . . , Km in Q.
THEOREM 4. Let {Gm}m be a sequence of finite solvable groups. Then there exists a
sequence {Km}m of finite Galois extensions of Q such that:
(i) Gal(Km/Q) = Gm for every m;
(ii) K1 · · · Km  Km+1 = Q for every m;
(iii) the compositum of the fields Km has the Northcott property.
Finally, in Section 6 we discuss some properties such as property (P) introduced by Liardet
and Narkiewicz to study polynomial mappings. It is wellknown that property (N) implies
property (P), and we will show that some other properties also follow from property (N). We
use results about property (N) and a result of Dvornicich and Zannier to easily answer some
open problems proposed by Narkiewicz in [18] regarding these properties.
2. Property (N) for K (d)Ab
We start by proving Theorem 3 and then we will deduce Corollary 1 and Corollary 2. For
convenience let us recall the statement of the theorem.
THEOREM 2·1. Let K be an algebraic extension of Q. If K/Q is Galois then K (d)/Q is
also Galois.
If moreover Gal(K/Q) has finite exponent b, then Gal(K (d)/Q) has exponent bounded by
d!b and the field K (d)Ab has property (N).
Proof. We first prove that if K/Q is Galois then K (d)/Q is also Galois. In order to do this
we take σ ∈ Gal(K/Q). We want to prove that for every embedding σ¯ : K (d) ↪→ Q such
that σ¯ |K = σ one has σ¯ (K (d)) ⊆ K (d).
Now every element β ∈ K (d) is contained in a compositum L1 · · · Ls where the Li are
extensions of K of degree at most d (over K ). Therefore σ¯ (β) ∈ σ¯ (L1) · · · σ¯ (Ls). Now we
notice that Li = K (αi) for some αi with minimal polynomial fi(x) ∈ K [x] of degree at
most d. We have
σ¯ ( fi(x)) = σ( fi(x)) = gi (x) ∈ K [x]
since σ ∈ Gal(K/Q). Moreover, deg(gi (x))  d and one of the roots of gi (x) is σ¯ (αi)
which thus belongs to K (d). Hence
σ¯ (β) ∈ σ¯ (L1) · · · σ¯ (Ls) ⊆ K (d).
We now prove the second part of the theorem. Assume that K/Q is Galois with
exp(Gal(K/Q)) = b.
First of all we want to prove that the extension K (d)/Q has Galois group with finite ex-
ponent. We take σ ∈ Gal(K (d)/Q); then σ b|K is the identity since Gal(K/Q) has exponent
b. Therefore σ b ∈ Gal(K (d)/K ) which is a group of exponent bounded by d! Therefore
σ b(d!) = 1.
We finally prove that K (d)Ab has property (N). It is a Galois extension of Q with Galois
group of exponent bounded by d!b. Thus by virtue of [5, theorem 1·2], it has uniformly
bounded local degrees over Q. Since the extension is also abelian, from [4, proposition
2·1] we conclude that K (d)Ab is a subfield of Q(m) for some m and therefore of Q(m)Ab. But
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according to Theorem 1, the latter field has property (N) and so K (d)Ab has also property
(N).
Next let us recall and prove Corollary 1.
COROLLARY 2·2. The field (Q(d)n )Ab has property (N) for any positive integers d and n.
Proof. We notice that
(Q(d)
n
)Ab ⊆
((
. . .
(((
Q(d)
)
Ab
)(d))
Ab
. . .
)(d))
Ab
(2·1)
since every finite abelian extension L in Q(d)n consists of a finite tower Q ⊆ L1 ⊆ . . . ⊆
Ln = L in which Li ⊆ (Li−1(d))Ab for every i . Applying Theorem 2·1 recursively starting
from K = Q we obtain that the right-hand side field in (2·1) has property (N) and this
concludes the proof.
Finally, let us restate and prove Corollary 2.
COROLLARY 2·3. Suppose K/Q is an algebraic Galois extension of finite exponent. Then
K (d)n has the Bogomolov property for any positive integers d and n.
Proof. [2, theorem 2] implies that if L/Q is a Galois extension and there is a non-empty
set of rational primes at which the local degrees of L are finite, then L has the Bogomolov
property.
In view of [5, theorem 1·2] we conclude that if L/Q has Galois group of finite exponent,
then L has the Bogomolov property. Now the corollary follows immediately from Theorem
2·1.
3. Realizations of prosolvable groups with property (N)
We fix some notation. Let K ⊆ F ⊆ L be a tower of number fields. We denote by K the
absolute discriminant of K , by F/K the (relative) discriminant and by NF/K the norm map
of the extension F/K . We recall that
L/K = NF/K (L/F)F/K [L:F].
We will apply the following criterion, proved by the second author in [20].
THEOREM 3·1 (Widmer [20]). Let K0 K1 K2 . . . be a nested sequence of number
fields and set L = ⋃i=1 Ki . Suppose that
inf
Ki−1M⊆Ki
(NKi−1/Q(M/Ki−1))
1
[M :K0 ][M :Ki−1 ] −→ ∞
as i tends to infinity where the infimum is taken over all intermediate fields M strictly larger
than Ki−1. Then the field L has the Northcott property.
Moreover, we need the following lemma.
LEMMA 3·2. Let G be a finite solvable group. Then there exists a sequence of Galois
extensions {Ki }i of Q such that:
(i) Gal(Ki/Q) = G for every i;
(ii) K1 · · · Ki−1  Ki = Q for every i > 1.
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6 SARA CHECCOLI AND MARTIN WIDMER
Proof. We first note that for every positive integer n the group Gn is also solvable, and
thus, by Shafarevich’s theorem, it is realizable. This means that there exists a Galois exten-
sion Fn/Q with Gal(Fn/Q) = Gn . Now Fn has n subfields with Galois group isomorphic to
G which are pairwise linearly disjoint over Q, in particular their pairwise intersection is Q.
Since this can be done for every n, we see that there exists an infinite family F = {Ki }i of
realizations of G with Ki  K j = Q for i j .
Now if we fix any finite extension K/Q then it can only intersect with finitely many
elements of F , otherwise it would have infinite degree and this concludes the proof.
Let G be a finite solvable group. We denote by {Ki }i a sequence of realizations of G as in
Lemma 3·2. Suppose |G| > 1 and consider the following set of fields
F := {H |Q H ⊆ Ki for some i}.
By Hermite’s theorem there is only a finite number of number fields with absolute value of
the discriminant below a given bound. Therefore the sequence {|H |}H∈F tends to infinity.
Now for every H ∈ F the power to which a prime number divides the discriminant H
is bounded from above by
2[H : Q]2  2|G|2,
and so depends only on |G| (see, e.g. [1, theorem B·2·12]). Writing pH for the biggest prime
number dividing H , this implies that pHi → ∞ for every sequence H1, H2, . . . of distinct
elements of F . In particular we have that for every integer B > 0 the set
{H ∈ F |pH  B}
is finite. Therefore for every B > 0, there exists an integer n such that for every i > n the
field Ki satisfies pH > B for every Q H ⊆ Ki .
We now consider a sequence of finite solvable groups {Gi }i . We choose realizations Ki/Q
of Gi such that for every i > 1,
pH > pKi−1
|Gi |2 for every Q H ⊆ Ki . (3·1)
In particular we have
K1 · · · Ki−1  Ki = Q.
Moreover, we have a nested sequence of number fields
L0 = Q L1 = K1 L2 = K1 · K2 . . . Li = K1 · · · Ki . . .
and we want to prove that the field L = ⋃i Li (which equals the compositum of the fields
Ki ) has the Northcott property.
In order to prove this we use Theorem 3·1. Consider an intermediate extension Li−1 
M ⊆ Li . Then M is given by a compositum of the form M = Li−1 · H where Q H =
M  Ki ⊆ Ki (as Ki/Q is Galois we can apply [3, corollaire 1, chapitre V, paragraphe 10]).
We consider the tower Q ⊆ H ⊆ M . Here we have
M = NH/Q(M/H )H [M :H ],
and therefore p[M :H ]H | M . But as Q ⊆ Li−1M we have also
M = NLi−1/Q(M/Li−1)Li−1 [M :Li−1].
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Now note that pLi−1 = max{pK1, . . . , pKi−1} = pKi−1 . Thus (3·1) implies pH > pLi−1 , and so
we conclude that p[M :H ]H | NLi−1/Q(M/Li−1). Therefore, and by (3·1), we get
inf
Li−1M⊆Li
NLi−1/Q(M/Li−1)
1
[M :Q][M :Li−1 ]  pH
[M :H ]
[M :Q][M :Li−1 ] > pH
1
|Gi |2 > pKi−1 .
The latter clearly tends to infinity and thus, by Theorem 3·1, the field L = ⋃i Li has the
Northcott property.
4. Fields with uniformly bounded local degrees and property (N)
In this section we affirmatively answer Question 4, that is, we show the existence of a
subfield of Q with uniformly bounded local degrees which is not contained in Q(d) for any
d but has property (N).
To this end we will apply Theorem 4 and the following result, which was proved in [4]
(see proof of Theorem 1·1), and, with a slightly different construction, also in [5] (see proof
of Theorem 2· (iii)).
THEOREM 4·1 (Checcoli–Zannier [4]). Let p and q be two odd primes with p dividing
q −1. Then there exists a family of finite non-abelian pq-groups {Gm}m such that, given any
realization Km/Q for Gm, the compositum K of the family {Km}m has uniformly bounded
local degrees but it is not contained in Q(d) for any positive integer d.
The groups Gm are finite groups of exponent pq. Their construction is due to A. Lucchini
and it is based on certain p-groups called extraspecial groups (i.e., p-groups in which the
center equals the commutator subgroup and they are both of order p), and their modules.
For details on extraspecial groups we refer the reader to [6, chapter A, sections 19 and 20].
In view of Theorem 4 we can realize the groups {Gm}m of Theorem 4·1 with a family of
number fields {Km}m in such a way that the compositum K of the fields Km has the Northcott
property. This provides a field with the Northcott property with uniformly bounded local
degrees but not contained in Q(d) for any integer d.
5. Subfields of Q(d) with property (N)
The goal of this section is to positively answer Question 5. We will show that for any
d  27 there exists a subfield K of Q(d) with property (N) whose finite subextensions of
K/Q cannot be generated by elements of uniformly bounded degree.
As in the previous section we will apply Theorem 4. We also need the following result
which was proved in [5, subsection 3·3].
THEOREM 5·1 (Checcoli [5]). Let p be an odd prime number. Let G be an extraspecial
group of order p3 and exponent p and let L = {Li }i be a family of Galois extensions
such that for every index i Gal(Li/Q) = G and Li+1 is linearly disjoint over Q from the
compositum L1 · · · Li . Then there exists a family {Km}m of finite Galois extensions ofQ such
that:
(i) for every m the group Gal(Km/Q) is an extraspecial p-group of order p2m+1 and
exponent p;
(ii) every Km is a subfield of the compositum of m fields of L. In particular the compos-
itum K of the family {Km}m is a subfield of Q(p3);
(iii) the extensions Km cannot be generated over Q by elements of uniformly bounded
degree.
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8 SARA CHECCOLI AND MARTIN WIDMER
Let G and Li be as in Theorem 5·1. As Li+1/Q is Galois we have Li+1 and L1 · · · Li are
linearly disjoint over Q if and only if L1 · · · Li  Li+1 = Q (see, e.g. [9, p. 35]). Clearly the
group G is solvable.
We apply Theorem 4 with Gm = G to get a family of fields Li as in Theorem 5·1 whose
compositum has property (N). Then the field K of Theorem 5·1 also has property (N) but the
finite subextensions of K/Q cannot be generated by elements of uniformly bounded degree.
6. Some remarks on properties concerning polynomial mappings
In this section we discuss some properties for fields that were introduced by Liardet and
Narkiewicz to study polynomial mappings. We will also answer some open problems pro-
posed by Narkiewicz.
Let K be a field and n a positive integer. Following Narkiewicz [18] we say a polynomial
mapping f : K n → K n sending
(x1, . . . , xn) −→ ( f1(x1, . . . , xn), . . . , fn(x1, . . . , xn))
is called admissible if none of the fi are linear and their leading forms do not have a non-
trivial common zero in the algebraic closure of K (here, as in [18], linear polynomials in-
cludes constants, otherwise no infinite field could have property (SP) from Definition 6·1;
just take f (x, y) = (x + y2, 1) and X = K × {1}).
The following properties were introduced by Narkiewicz in [18].
Definition 6·1 (Narkiewicz). A field K is said to have property (SP) if for every n and for
every admissible polynomial mapping f : K n → K n the conditions X ⊆ K n , f (X) = X
imply the finiteness of X . If this implication holds in the case n = 1 then K has property
(P).
Clearly an algebraically closed field cannot have property (P) (just take X = K ). On the
other hand any number field has property (P), as shown in the early paper [14] of Narkiewicz.
Nowadays it is well known that for subfields of Q property (N) implies property (P) (see
[7, p. 534] or [8, theorem 3·1]). And, as remarked in [7], the same holds for property (SP).
Dvornicich and Zannier used this, combined with the results on property (N), to answers
some open problems raised by Narkiewicz in [18], e.g., “does Q(2) have property (P) or
(SP)?”. In fact Narkiewicz conjectured already in 1963 (see [15], and also [17, problem 10
(i)]) that Q(d) has property (P) for any d, and for d > 2 this old conjecture is still open.
In [10] it was shown that property (SP) is preserved under finite extensions. Another
interesting question proposed in [18] is whether (P) is also preserved under finite extensions
of fields and moreover, whether property (P) is equivalent to property (SP). Dvornicich and
Zannier in [7] also answered both of these questions in the negative by giving an ingenious
construction in the cyclotomic closure of Q.
THEOREM 6·2 (Dvornicich–Zannier [7]). Let p be a prime such that p − 1 has an odd
prime factor l. Let K ′ be the field generated by the roots of unity of p-power order and let
K be the unique subfield of K ′ such that [K ′ : K ] = l. Then K has property (P), K ′ does
not have property (P) and K does not have property (N).
Instead of considering f (X) = X as in property (P) one might go one step further and ask
whether two polynomials f1, f2 ∈ K [x] acquiring the same value set on an infinite subset
X of K necessarily have the same degree. For K = Q a negative answer to this question
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Northcott property and other properties related to polynomial mappings 9
was given by Kubota in [11]. Still with K = Q, Kubota also showed that if deg f1 <
deg f2, f1(X) ⊆ f2(X) and the restriction of f1 to X is injective then X must be finite. This
motivates the following definition introduced by Narkiewicz in [18, p. 95].
Definition 6·3 (Narkiewicz). A field K is said to have property (K) if for every n the
following implication holds true. Let  : K n → K n be an admissible polynomial mapping
and let  : K n → K n be another polynomial mapping. Denote by d the minimum of
the degrees of the polynomials defining  and by D the maximum of the degrees of the
polynomials defining . If d > D, X is a subset of K n satisfying (X) ⊆ (X) and the
restriction of  to X is injective, then X is finite.
In [13] Liardet has introduced another property related to property (P). We denote by K
an algebraic closure of the field K .
Definition 6·4 (Liardet). A field K is said to have property (P) if for any non-linear poly-
nomial f ∈ K [x] and every subset X ⊆ K consisting of elements of uniformly bounded
degree over K , the inclusion X ⊆ f (X) implies the finiteness of X .
Remark 6·5. In [18] Narkiewicz defines a weaker form of property (P), where X ⊆ f (X)
is replaced by f (X) = X (there is also a misprint: f ∈ K [x] should read f ∈ K [x]). It
follows immediately from the definition that property (P) (in Liardet’s and in Narkiewicz’s
sense) is preserved under finite extensions. Narkiewicz also asks whether, with this defin-
ition, property (P) is equivalent to property (P) (see [18, problem XIX]). However, due to
Theorem 6·2 the answer to this question is no.
An analogue of property (P) for rational functions was also introduced by Narkiewicz in
[18].
Definition 6·6 (Narkiewicz). A field K is said to have property (R) if the following im-
plication holds true: if f is a rational function in K (x) and there exists an infinite subset X
of K with f (X) = X then there exist α, β, γ, δ ∈ K such that f (x) = (αx + β)/(γ x + δ).
In fact, questions about property (R), in particular whether fields finitely generated
over the rationals have property (R), were stated already, with a different notation, in
Narkiewicz’s paper [16]. A similar version of property (R) with f (X) = X replaced by
X ⊆ f (X) was also introduced by Liardet in [13].
Next we prove a simple lemma which could also be quickly deduced from [18, lemma
9·2(b)].
Let us recall some basic facts. For every rational function f (x) ∈ Q(x) there exists
an effectively computable constant c f > 0 depending only on f such that h( f (x)) 
deg f h(x) − c f for all x ∈ Q not poles of f (see, e.g., Corollary 3.3 in [21]). This im-
plies that if deg f  2 then h( f (x))  (3/2)h(x) for any x ∈ Q with h(x)  2c f and
which is not a pole of f .
LEMMA 6·7. Suppose f (x) ∈ Q(x) of degree at least 2, and suppose X ⊆ Q has prop-
erty (N) and is such that X ⊆ f (X). Then h(α)  2c f for any α ∈ X, in particular, X is
finite.
Proof. First note that X ⊆ f (n)(X) for all n. Let
X0 = {α ∈ X |h( f (n)(α)) → ∞ as n → ∞},
X1 = X\X0.
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Each α in X1 has height at most 2c f , and so it suffices to show that the set X0 is empty.
Clearly f (n)(X0)  X ⊆ X0 and f (n)(X1)  X ⊆ X1, and thus f (n)(X0)  X = X0 for
all n. Not forgetting the Northcott property we see that the latter is a contradiction if X0 is
non-empty and n is large enough.
The next result collects all the known implications regarding the field properties intro-
duced.
THEOREM 6·8. For arbitrary fields we have the following implications:
(K) =⇒ (SP) =⇒ (P),
(P) =⇒ (P),
(R) =⇒ (P).
Moreover, for subfields ofQ property (N) implies all of the properties (K), (SP), (P), (R) and
(P).
Proof. The implications (SP) ⇒ (P), (P) ⇒ (P) and (R) ⇒ (P) are obvious. Next we
prove that property (K) implies property (SP). To this end we take  = id the identity so
that  is injective on any subset of K n and D = 1. Now let f =  : K n → K n be any
admissible polynomial mapping. Hence d > D. Suppose X is a subset of K n satisfying
f (X) = X , and therefore, X = (X) ⊆ (X) = f (X) = X . As K has property (K) we
conclude X is finite and therefore K has also property (SP).
Now suppose K is a subfield of Q with property (N).
Property (K) for the field K follows immediately from Theorem 2 and [10, corollary 1]
(the reader should be warned: in [10] the authors write property (VP) for property (K)), by
observing that, if K has property (N) and hn : Qn → [0,∞) is the usual absolute non-
logarithmic Weil height, then of course also K n , with respect to hn , has property (N).
Next we will show that K has property (P). To this end suppose f ∈ Q[x] is a polynomial
of degree at least 2, let X ⊆ Q be a set of elements of uniformly bounded degree over K
and suppose X ⊆ f (X). We shall prove that X is finite. By [8, theorem 2·1] the set X has
property (N). Hence we can apply Lemma 6·7 and the claim follows.
Finally, we will show that K has property (R). So let f be in K (x) and not of the form
(αx + β)/(γ x + δ) for α, β, γ, δ ∈ K . This means deg f  2. Now suppose X ⊆ K with
f (X) = X . By Lemma 6·7 we conclude that X is finite and this proves that K has property
(R).
In [18] Narkiewicz addressed also the following questions:
Is property (P) equivalent to property (P)? ([18, problem XIX]).
Is property (K) equivalent to property (P)? ([18, problem XX]).
Although not explicitly mentioned in Dvornicich and Zannier’s work, Theorem 6·2, com-
bined with older results of Liardet, Halter–Koch and Narkiewicz, answers both of these
questions.
COROLLARY 6·9. Let K be as in Theorem 6·2. Then K has property (P) but none of the
properties (K), (SP), (P).
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Proof. By Theorem 6·2 the field K has property (P) and the finite extension K ′ of K does
not have property (P). By Theorem 6·8 each of the properties (K), (SP) and (P) implies prop-
erty (P). Moreover, the properties (K), (SP) and (P) are preserved under finite extensions;
for property (K) and (SP) this was shown in [10] (see Theorem 1), and for property (P) see
Remark 6·5. Hence K cannot have any of the properties (K), (SP) or (P).
Narkiewicz also addresses the problem to give a constructive description of fields with
property (R), and more specifically: does Q(2) have property (R)? ([18, problem XVIII]) We
already know that Q(2) has property (N), and therefore, by Theorem 6·8, it has all of the
properties in question.
COROLLARY 6·10. The field Q(2) has the properties (N), (K), (SP), (P), (R) and (P).
Clearly each number field has properties (K), (SP) and (P). It is also known that these
properties are preserved under finite extension. For fields of algebraic numbers one could
therefore ask whether these properties are even preserved under taking the compositum of
two fields. Regarding this question we have the following answer.
COROLLARY 6·11. For fields of algebraic numbers the properties (N), (K), (SP), (P), (R)
and (P) are in general not preserved under taking the compositum of two fields.
Proof. [20, corollary 2] provides fields L1, L2 with property (N) whose compositum L1L2
contains infinitely many roots of unity (see the example right after Theorem 5). By Theorem
6·8 we see that L1 and L2 have all of the properties in question. Taking f (x) = x2 we
conclude moreover, that L1L2 has infinitely many preperiodic points under the polynomial
mapping f . By [8, proposition 3·1] we conclude that L1L2 does not have property (P).
Hence, again by Theorem 6·8, it has none of the properties (N), (K), (SP), (P), (R) and (P).
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